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Alwtract

WC discus<  sj,accc.rrift  l)c}l}],lcr tracking for clctccti],g g[avi{ aticu,al waves i,, whit.1, l)c,~~Illcr data rcccwclcd

c)ll the groullrl arc lillcarly  c.cnlll)inccl  wit,}l l)opp]cv  Irmaw]rc]ll[  tits llmdc c>~i hc,ard a s~)acccraft. IIy usiilg t h e

fcmr-li]lk radio systclll  first l,roposrxl  by Vessc)t arlcl I,cvirle [1], wc clcrivc a ]ICW IIlcthod for rcrlmvillg frorll

the cmlll,i~lcd  data tllc frcqucrlcy f luctuat ions due to tile }I;<.rth  troI,osl,lierc,  io]lmsl,licrc, aild llwc.lla~lical

vit)ratic)rw+ c)f tllc alltcrllla  CJII  t)Ic grc~ulld.  our ~lmtl]od IIrc,vid{:s also a way for rcduc.irlg l)y several orders of

J[lagllitude,  at sclcxtccl ]“ouricr  co]ll})ol)crlts,  the frcqucrlcy fluf tuaticnls  of the c.lc~ck cm tllc grc)urld,  tlie clock

011 hoard the slmc.ccraft, tllc sl)accc.raft  alltcvllia, the l~uflctillf, of the prc~t,e I,y ]1011 gravitatic,llal  forces, the

trail.w[litter on the ground,  and the trmlstllittcr cm board.

At tllcse  frcc]uc]lcics  we fiIId a rerllairlillg nowmo  gravitati-)llal  wave sif,llal, ]Ilakirlg this 1 )op])lcr trac.kiTlg

tcc.hlliqllc the cquivalcrlt  c,f a xyloplIoIIc detector of gravitati{,llal  radiatic,ll.  ltl the assulll~~tioll of flying an

atoljlic  clock aTId  calil)ratillg  the frequcnc.y flue.tuaticmw irldu{cd by the illtcrjjlallctary j)lax[lla,  wc cstilllate

fcm tliis  dcteclor a strair,  sensitivity equal to 4.7 X l(J- 19 at 10-4 117.. l;xl~crilllcnts  c]f this  kind c.c)uld be

}Icrforllmd (at IIlirlilllal extra cost) with future irltjcrj)lanctaly  rllissiolls l)y adding  radio llardwarc  to the

s]]ac. ccrafl  ])ayload aIId to tllc grc)ur)d arltcrlrla.

I’ACS riur[lllcws:  04.80.N, 95.55,Y,  and 07.60.1,



I Introduction

‘lh direct dctec.tion of gravitational waves is O]IC of tile r[l{mt c}lallmlgi~lg  cxl~crilnental  cflorts  irl p}lysics

today. A successful olmervatiom will not  o]lly  rcprcscnt  a great triultlph  it, cxlleri~lmltal  physics, t)ut will

also provide a JICW ohcrvationa]  tool for c)~)taiming a better and ctccjmr ulldcrstaudi]lg  about their sourcw,

as well a.. a unique trxt of the various proposed relativist.ic tl,corie.s c)f gravity [2].

Siilcc the first  cxpcrillmlts hy Joseph Webcr  [3] at t.hc Univers i ty  of  Maryland ill the early  sixti~,

dcsigus for l;arth-hmd M well M space-bawd detectors have t)cm, dcvclol}cd ill t he  for]rl of fca.sit,ility

st, udics, I)rototyI)m,  or fully olmratiohal  instrunlcllts

l;arth-l)ased  dctcc.tors,  such M rc.so]lallt bars  aud ]ascr  illtcrfcrollmtcrs,  arc ]Ilost scrlsitive  to gravitational

waves  in the frcqumlcy I)and ranging  from about 10 IIz to abo(lt  10 kll~,  being lilllitcd  below 10 }Iz by scisrliic

noise and shove 10 kllz by iustrullmlltal  noise [2].

Sl)ac.e-l,~scd detectors , such as the coherent ~liic.cowavc  tracking of ir{tcr~,lallctary spacecraft [4] and

proposed Michc]son o~)tical iutcrfmollwters  in planetary orbits [5], 011 the otllcr hand)  arc IIlost scmsitivc to

a c.ollq~lc]nclltary band of frequcnc.irx,  effcc.tivcly in tlie rallgc froln ahclut 10’ s IIz to about 1 Ilz.

III IJrescmt single-s])ac.ccraft l)opp]cr  trackiug  otmcrvations  iu particular, 1JIWI% of the Iloisc sc~urces can be

citllcr  rcduccd  or calibrated by itnplmlmlting  appropriate ]Iiiclowavc  frequel}cy li]lks and hy using sjjec.ialimd

electronics. ‘1’hc fu~lda~lmltal instru~llcnta]  lirllitation  is irllI)os,xl  by the frequency (ti]lm-kcwl)illg) fluctuations

inhere]lt  to tllc rcfcrmlce clocks that control the IIlic.rowavc  syste][l  [6]. 11 ydrc)g,cn ]Imwr clocks, c.urrcnlt]y

used ill l)ollplcr  tracking cxlmir[mllts,  achieve their best pcrforrllarlcc  at allout 1000 sec.ollds illtcgratioll  ti[[w,

with a fractional frcqumlcy s~ability of a fcw parts in 10- 16 7[ 1. ‘his is the *caso,I wl,y thmc i],tcxfcro,lmtcrs

ill sl)acc arc l]lost sensitive to IIlillillcrtz  gravitational waves. ‘J’his  il)tcgratioll  tirrw is also cc)~[]j)arablc  to

the pro~)agatiol]  till]c to spacecraft in the outer  solar systctll. ‘J’hc frcql, cr, cy flue.l,uatic)]ls itlduccd by the

illtcrvcllill.g ~[mlia }Iavc scvcmly lilllitcd  the sensitivities of tlIcse exl,crirlmlts. A1llorlg all the prc)pagaticm

IIoisc  sources, t h e  trol)osplicrc  i s  t he  l a rges t  aud the Ilardot  to Calit)rate  to a rea.~ollat)h low l~v~l. Its

frequency ftuctuatio~ls  llavc bcm esstirnatcd tc) bc as large M JO- 13 at 1000 scc.oIIds ititcgration  titllc [8].

111 order to systellmtically  rcnllovc the cflcct c)f the troIlos;)llerc  irl t}lc IJo}lj]lcr  data, it was l)oi[ltcd out hy

Vmsot and lmvinc [1] slid Shnarr ct al. [9] that by adding  to tt,e spacecraft ~,ayload  a lligllly stable frequency

starldard,  a l)op~j]cr read-out systc~[l,  and by utiliziug  a trarls)~olldcr  iit the ground alitcnlla, OIIC could ~llake
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I)opplcr  one-way (Eart}[-  tc>spacccraft,  spacecraft-t~ l;arth) as well a~ t w~ way (spacecraft- Earth-spacecraft,

Kartll-spacecraft- Earth) nwa~urements. “1’his way c)f operation makes the 1 )c~pj]]er  link totally sylnrnetric

and allows, hy proI~erly  combining the JJoppler data recorded on the grclund with the data measured on the

sPacccrafL, the complete  rcllloval of the frequency fluctuations due to the Karl]l troposphere ionosphere, and

mechanical vibrations of the ground antenna frOJIl the new for]rled data. ‘] ’heir prc,posed schelne relied on the

posihility  of flying a IIydrogen  JnrMcr on a dedicated lnission. Although curtc]lt  designs of hydrogen nmsers

}Iave dcxnanding requirements in maw  and power c.onsurnptirm, it secJns  very likely that by the beginning

of the IIext century new space-qualified atcmlic  clocks, with frequency stahiiity of a fcw parts in 10– 16 at

1000 seconds il~tcgration  tilnc  will hc available. ~’hey would ]movidc a se]lsitivity  gain of ahmst a factor of

one thousand wit}l rcs~wct. to the best  pcrfor]nance  crystal-driven oscillators. Alt}lough this clearly would

irn~)ly a great inlprovcmcnt  iii the technology of space  horn clocks, it wc)u]d not allow us to reach a strain

sclisitivity  better than a fcw parts 10- ‘6. ‘J’his sensitivity w(m]d t,c cm]y a factcm of five or ten hcttcr than
,?

the l~ol~plcr  sensitivity cx~)ected to be actlicvcd 011 the future Cassilli  project, a NASA ~nission  tc) Saturn,

which will take advantage of a high radio frequency lil]k (37 GI17,)  in order to ~llininlizc the plasnia  noise, >4 / “

and will usc a purposely })ui]t water vapc)r radiornctct  for calibrating up to IIirlety,;fivc  lwrcen)~he  frequency 4
I

ftuctuatio]ls  duc to the troposphere [7].

in this paper wc adopt the radio li]lk configuration first envisioned hy VesscA and Lcville [1], but  wc

c.omhillc the l)oppler  responses lneasured  on board the spacecraft and or!

will be shown in the following scclic]nsc

III Scctioli  11 we derive the response functions  c,f the tw(>way  l)opp]rv

L}IC  grourld in

tracki),g  data

a different way, m

(Rarth-spacccraft-

Earth and spacecraft- Earth-spacecraft) ]nea%ured o]) the grollnd  and spacecraft. After dcscrihirlg  the transfer

furlctions  of the noise sources affecting the sensitivities of the two data se~/’wc show that, irl a properly chosen
‘.

lillcar  coll~billatiorl  of t}le two twe way Doppler data, frcqlicncy  fluctuations irlduced by t}lc troposphere,

iollospherc,  and mcc. hanical vibrations of the grou]ld antelina can be re]llcwcd  at all tilnc. Wc point out

that our rnet.}iod is diffmcnt  from the one suggested hy Vcssot and l,evirw [1], SJnarr et al, [9], and l’ira~l

ci al. [10] in that it does not utilific any one-way IIoppler  nlcasurc]lie]lts  (F;arth-spacecraft or spacer. raft-

I;artl)).  }urtllcr]norc  our tcchniquc  allows us to reduce hy several orders of lnagnitudc,  at sclcctcd  Fourier

c.o]lll)oncrlts, t}lc noise due to the two clocks, to the vibrations of the spacecraft arltcrlna,  to huffcting,  and

to the two radio tralwtllittcrs. In Scc.tion 111 wc estimate tlic strain se~,sitivity of this xy(ophone  arid firid it
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to be equal to 4.7 x 10-19 when an atomic clock is used on bcjard. This sensitivity degrades to 2.0 x 10-]8

when a crystat oscillator is used instead. Thtxse figures assume the use of dual frequency links for removing

the frequency fluctuations induced by the interplanetary plawna,  and an obscrvi~lg time of forty days.

At this level of sensitivity, gravitational wave bursts, conti~luous  signals of known frequency from selected

sources, and a stochastic background of gravitational radiaticm  should bc dctcc.table.  Finally in Section IV

wc present our conuncnts  and conclusions.

II Doppler Tracking as a Xylophone Detector

In the Doppler tracking technique for searching for gravitational radiation a distant interplanetary spacecraft

is monitored from Earth through a radio link, and t}le Earth and the spacecraft act M free falling test particles.

A radio signal of nolninal  frequency VO is translnitted tc) the spacecraft, and cc)}) crently  transpol)ded  back

to ltart}l where the rcceivcd  signal is colnparcd  to a signal referenced tc] a highly stable clock. Relative

frequency changes AV/Vo, as functions of ti~ne, are measured. When a gravitational wave crossing the solar

system propagates through the radio link, it causes srnal]  perturbations in Av/vo,  whic}l are replicated three

times in t}]c l)oppler  data with maximum spacing given by t}le tw~way  light ~,ropagation  time bctwccn  t}lc

J;arth  and the slJacccraft  [6]. If wc introduce a set of Cartesian orthogonal cc~ordi~latcs (X, Y, Z) in which

the wave is propagating along t}le Z-axis and (X, Y) are two orthogonal axes in t}lc plane of the wave (see

Figure 1), then the ]~oppler response at time i

()Au(t)— ~_—
q) ~;

YE(q = – fy h(t)

+ c~;(t  -- 2L) –

-t AI;(t – 2L) +

can bc written in the fcdlowillg  forlrl [6,8,11]

(1 -1 p)— p h(t  - -  ( 1  -i p)L)  + ---1-  h(t – 21.) +-

c~(t) -t 2B(/ --L) -1 I’r(t -- 21/) -t l’(t) -t

A,c(t - L) + TR,c(t -- 1/) + EL1;(t) + Pz;(i) , (1)

where h(t) is equal to

h(i) = h+(t) cos(2d)  + hx(i)sin(2#)  . (2)

IIerc h+(t), hx (t) arc tllc wave’s two amplitudes with respect to the (X, Y) axis, (0, ~) are the polar angles

describing the location of the spacecraft with respect to the (X, Y, Z) coordillatcs,  p is equal to cos 0, and 1,
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is the distance to the spacecraft (units in which the speed of light c = 1).

We have denoted by CE(t) the random process associated with the frequency fluctuations of the clock

on the Earth, l?(t) the joint effect of the noise from buffeting of the prohe hy non gravitational forces and

from the antenna of the spacecraft, 9 ‘(t) t}le joint frequency fl actuations due to the troposphere, ionosphere

and ground antenna, AE(f)  the noise due to the radio transmitter on the ground, A8C(t) the noise due to the

radio tratmnitter on board, 7’R~C(t) the noise due to the spacecraft trans~lo])der, E1,x; (t) the noise from the

electronics on the ground, and PE(i) the fluctuations due to the interplanetary plasma.  Since the frequency

fluctuations induced by the plasma are inverse] y proportional to the squ arc of the radio frequency, try using

high frequency radio signals or by monitoring two different radio frequencies, wl)ich are transmitted to the

spacecraft and coherently transmitted back to Earth, this noirw source can be suppressed to very low levels or

entirely removed from the data respectively [12]. Searches for gravitaticmal  radiation with Doppler tracking

utilizing only one radio frequrmcy  are usually performed around solar opposition in order to minimize the

frequency fluctuations induced by the plasma [13]. The corresponding ti~ne scale during which data are

recorded is about 40 days.

lkorn  Eq. (1) wc deduce, to first order, that gravitational wave pulsrx of ciuration longer than the round

trip light time 21, give a Doppler response y~; (t) t}lat tends to zero. “1’he tracking systeln  essentially acts as a

pass-batld  device, in which the low-frequency limit fl is rc)ughly equal to (21,)-]  JIz, and the high-frequency

limit ~~{ is set by the thermal noise in the receiver. Since the reference clock rtTl d some electronic components

are most stable at integration times around 1000 seconds, Doppler tracking exr)erilncnts  arc performed when

the distance to the spacecraft is of the order of a fcw Astrcnlornical  Units. ‘1’})is  set the value of ~1 for a

typical cxpcri~rmnt  to about 10-4 }Iz, whi]c the thcrrnal  noise gives an f}{ of about 3 x 10-2 Ilz.

It is iruportant to note t}lc characteristic time signatures c,f the clock rloisc CJ; (t), of t}le probe antenna

and buffeting noise II(t), of the troposphere, ionosphere, and ground antenna noise l’(t), and the trarmnittcrs

Al;(t),  A,.(t). ~’he  time signature of the clock noise can be understood try observing that the frequency

of the signal received at tirnc t contairrs clock fluctuations trwsmittecl 21, sccollds earlier. By subtracting

from the received frequency the frequency of the radio signal transmitted at time t, we also subtract clock

frequency fluctuations with the net result shown in };q. (1) [8,9,10].

As far as the fluctuations due to the troposphere, ionosI~llcrc, and ground antenna arc concerned, the

frequency of the received signal is affected at the rno~ncnt of reception as well as 21, seconds earlier. Since
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the frequency of the signal gellerated  at time t does not contain yet any of these fluctuations, we conclude

that T(i) is positive-correlated at the round trip light time ?L [8,9,10]. ‘l’he time signature of the noises

B(i), AE(t), A,.(t), and T’R,C(t) in I;q. (1) can be understood through similar considerations.

If a clock and Doppler readout system are added to the spacecraft radio irlstrumentation, and a trarlspon-

der is installed at the ground station (Figure 2), then Doppler data can be recorded by the spacecraft by

coherently tracking the Earth [1]. If we assume the. Ilarth  C1OC k and the 011 hoard clock to be synchronized,

and we denote with DO and y~c(t)  the frequency of the radio signal transmitted by the spacecraft and the

relative frequency change measured on board the spacecraft at time t respectively, then a gravitational wave

pulse appears in the Doppler data y,.(t) with the following signature

+  C,c(t  - 2L) – c..(t) + B(i – 2L) + B(i) -t 27’(t  – L) - t

+- AJC(t  – 2L) + AE(t  – L) -t- !l’RE(i – L) -1 El,,,(t)  + l’s,(t) , (3)

where the angular dependence of the gravitational wave response in J~q. (3) can be derived from the three-

prrlse formula (Eq. (1)) by replacing O wit}l T +0. Wc have del,oted  by C,C(t) the random process associated

with the frequency fluctuations of the clock on board, TRJ;  (t) the noise due to the transponder on the

ground, EL$C(t) the noise from the electronics on the spacecraft, and J’,{  (t) the fluctuations due to the

interplanetary plasma. The frequency fluctuations due to the transmitters on the ground and on board have

been denoted with the same random processes (A1;(t) and A,,(t) respectively) we introduced in Eq. (1).

‘1’his is correct as long as the two radio signals of frequencies V. and V. are wllplificd within the operational

bandwidth (typically forty to fifty megahertz) of the same transmitters [15,16,1 7]. ‘1’hc  Doppler data y$c(t)

is then tirnc  tagged, and telemetered back to Earth in real tilne  or at a later time during the mission.

let us now introduce

data set y~;(t) and y,.(t)

a new I)oppler  data, y(t), defined as the following linear combination of the two

y(t)  = y~(t) –  ; [Y,c(t --L) + %.(~  +“ ~J)l . (4)

After soInc algebra we find that the so formed new Doppler data does nc)t contain any frequency fluctuations

5



due to the troposphere, ionosphere, and antenna mechanical. ‘l’he possibility of removing noise sources due to

the Eart}l was first derived in a different way by Vessot and Levine [1]. In their scheme  they linearly combined

t we-way Doppler with “one-way” Doppler, the latter being nierw.urernents  in which a signal is transmitted

from the Earth (the spacecraft) and received by the spacecraft (the Earth). Our nwthod, however, represents
~“-

a further improvement on their approach since, as we will SI1OW below, it allows us to reduce) by several

orders of magnitude, at selected Fourier frequencies, the noise due to the clocks, the spacecraft antenna, the

buffeting of the probe by non gravitational forces, and the transmitters.

In order to derive this result, let us define ~(~) to be the }’ourier  transfor]n  of the time series y(t)

7

w) = /+m y(t) rwf’ (ft . (5)
-- co

By taking into account Eq. (1) and Eq. (3), we deduce the following expression for the Doppler response

y(t) (Eq. (4)) in the Fourier domain

~(j) = i e2xij1’  sin(27rfL)  { 2  [ZZ(f)  –  Ej(f) cos(27r/L)]  +  [Z(f) - -  Z(j) e2*i’1’] }  +

+ [FzE(.f) – IE#c(j) cos(27rfL)] - t  [iZ(f) –  z.(j) COS(27JL)] +

+ [R(p,  f) –  R(--p,  f) cos(27rfL)] i(j) , (6)

Among all t}le remaining noise sources included in Eq. (6), tile frequency fluctuations due to the clock on

board the spacecraft are expected to be the largest. The  frequency stability of a crystal-driven oscillator,

like the onc built for the Grssini  mission, for instance, has been measured to be equal  to 9.5 x 10-14, at 1000

seconds integration time, making this clock the most stable space-qualified reference frequency ever built; it

is called Ultra Stable Oscillators (USO). Advances in the field of space-basecl rnctrology  suggest that by the
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beginning of the next century space-qualified atomic clocks with sensitivities comparable to ground-based

clocks will be available [18].

For the moment we will not make any assumptions on the frequency stability of the clock on board, and

return to this point later. We will focus instead on the structure of the noise sources shown in Eq. (6).

We note that the transfer functions of the combined clock noises, of the cc)~nbined transmitter noises, and

of the noise due to the spacecraft antenna and buffeting, are equal to zero at frequencies that are multiple

integers of the inverse of the round trip light time. If we denote by P the time interval over which the

Doppler data are recorded (typically forty days), the frequerlcy resolution Af of our data will be equal to

I/P. ‘J’his implies that the frequency fluctuations c,f the clocks, the translnitters, the spacecraft antenna,

and the, buffeting of the probe can be minimized at the following frequencies\ .

f, = gg; k= 1,2,3, . . . . (8)

At these frequencies, and to first order in Af L, the IJoppler  response ~(~~) is equal to

ti(fk)=~~(l –  e -~+) (1 -. (-l)’  eTikP)  X(fk)  +  i (-1)’  m AfL{2  [{j(f~) -  ~(f~)  (-I)k]  +

—
+  [Adf~) –  ~(f~)  (–l)k ] } +  p=$c(fk)  -  ~%(fk)  (-1]’] ( - 1 ] ’ +

- t -  [Fz(fk)  - Fzz(fk) (-1)’] + [E(fk) - E.(j,) (-1)’]  . (9)

Note that the fluctuations due to the spacecraft antenna and to buffeting have not been ir!cluded in Eq. (9)

since they are second order in A~ L. If we ~ume a spacecraft distance 1, equal to 10 AU, and a tracking

time P of 40 days, we find that

rrAf L—— = 4,7 x 10””3. (lo)
c

In other words, at frequencies which are multiplq  integers of the inverse of this round trip light time and for

a spacecraft out to 10 AU, the noise of the clocks is reduced by about two orders of magnitude, the noise

of the transmitters is reduced instead by almost three orders of rnagnitudc,  and the noise due to spacecraft

antenna and to buffeting is reduced by about five orders of lnagnitude. This Doppler tracking technique
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can be regarded as a xylophone detector of gravitational waves, having around one hundred “resonant”

frequencies in the frequency band of a typical Doppler experiment. We should point out, however, that

these resonant frequencies in general will not be constant, since the distance to the spacecraft will change

over a time interval of forty days. As an example, however, let us awulne  again L = 10 AU, P = 40 days,

and ,f = 10-4 Hz. The variation in spacecraft distance corresponding to a frequency change equal to the

resolution binwidth (3 x 10–7 Hz) is equal to 4.5 x 106 Km, ‘l}ajectory  configurations fulfilling a requirement

compatible to the one just derived have been observed during paat spacecraft missions [15], and therefore we

do not expect this to be a limiting factor. The xylophone technique, na~nely  the idea of looking at selected

Fourier components where the transfer functions of some Dcjppler noise sources are null, h= already been

implemented successfully by Armstrong [8] in regular spacecraft Doppler searches for gravitational waves.

In that case, however, he could reduce by several orders of rl[agnitude  at selected Fourier frequencies only

the fluctuations duc to the troposphere, ionosphere, and ground antenna (T’(t)).

Eq. (9) shows some peculiar behavior of the remaining gravitational wave signal in the combined Doppler

data. Let us denote by E(~~, 2k) and O(p,  2k – 1) the antenna patterns corresponding to multiple even and

odd integers respectively of the fundamental frequen c.y of the xylophone. Their analytic expressions are as

follows

E(p,2k)  = 4 p sin2(rrkp) (11)

0(p,2k  – 1) = 2 i p sin[rr(2k – 1)11] ; k = 1,2,3, . . . . (12)

“1’hese antenna patterns arc equal to zero not only when p = :El, but also at p = O, that is to say when the

direction of propagation of the gravitational wave is orthogo~,al to the li~ie of sight of the spacecraft. This

is due to the fact t}lat for this particular direction the gravitational wave signal and the noise of the clocks

have the same Doppler transfer function, and by rerr,oving these  noises at frequencies multiple of the round

trip light ti:nc  we also remove gravitational wave signals ort)iogonal  to the line of sight [14]. For sources

randomly distributed over the sky, like in the case of a stochastic background of gravitational waves, we find

that the antenna patterns given in Eqs. (1 1), (12) have the following variances

u:; (2k) s (lE(p, 2k) – (E(p,2k))12)  = 2 – &5W ,
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c7~(2k–  1) E (10(p,2k–  1)– (0(p,2k–  1))12) = : – ~~;-l~p ; k = 1,2,3, . . .  ,

where angle brackets denote averages taken over the rando]n  variable 0, which we have assumed

(14)

to be

uniformly distributed over the sphere. Note that the variances u~(2k), u&(2k  -- 1) given in Eqs. (13), (14)

are monotonically increasing functions of the integer k, with a~ (2k) = 3 o&(2k – 1). This characteristic

modulation of the intensity of a stoc.ha.stic background in t}le xylophone data can be used for improving

the likelihood of its detection. We wilt return to this point in the next section when we will compare our

estimated xylophone sensitivities to the predicted amplitudes for a stochastic. background.

Before concluding this section we note that, together with the Doppler data y(t), we can derive another

Doppler data set from Eq. (4) by interchanging ~E(t)  and y,.(t). Let us define z(t) to be the following

quantity

z(t) E y,.(t) –  ; [yl;(t  – ~, + ~E(i + L ) ]  . (15)

‘I’he Doppler quantity z(t) does not contain the spacecraft ailtenna and the bufleting  noises (1?(t)), and in

the Fourier domain has the following form

~(f) = i  e2mif~’ sin(2njL)  { 2  [~(f) –  &E(f) cos(’27rj1.)]  +  ~~~(j) - A—E(j)  e2xi’~] }  +

+  2  ~(j) e2mi~1’  sin2(2TfL)  +  ~%E(f)  –  ~%c(f)  COs(2~~1.)]  e2xi~L +

+ [~%.(~) –  ~~E(~)  Cos(2@)]  + [~c(i)  -  ~(~) ccJs(2fl@  +

(16)



(17)

Equation (17) implies that the quantities X(j) +- ~(~) and ;(~) – ~(~) are identically equal to zero at even

and odd multiple integers of the inverse of the round trip light time respectively. This is an important

property since it can be used in a real experiment to assess the magnitude of systematic errors at the

xylophone frequencies in the combined data y(t)  and z(t).

III Expected Sensitivities

From Eq. (9) we can estimate the expected root-mean-squared (r.m .s.) noise level a(~~ ) of the frequency

fluctuations in the bins of width A~,  around the frequencies fk (k = 1,2,3 ,.. ,.). This is given by the following

expression

‘(fk) = [Sy(fk) Af]l’2 , k := 1,2,3, . . . . . (18)

where Sy(fk)  is the one-sided power spectral density of the noise sources in the Doppler response y(t)  at

the frequency fk. In what follows we will assume that the random processes representing these noises are

uncorrelated  with each other, and their one-sided power spectral densities, provided in Table 1, are aa given

in the Riley et al. report [7]. This document is a summary of a detailed study, performed jointly by scientists

and engineers of NASA’s Jet Propulsion Laboratory and the Italian Space Agency (ASI) Alenia  Spazio, for

assessing the magnitude and spectral characteristic of the r]oise  sources that will determine the Doppler

sensitivity of the future gravitational wave experiment on the Caw.ini rnissicm.  Included in Table I is also

the spectral density of the noise of a crystal-driven ultra stable oscillator (USO).  A description of the radio

hardware used for implementing a xylophone detector, schematically represented in Figure 2, is given in the

Appendix.

If dual radio frequencies in the uplink and dowlllink are used, then the frequency fluctuations due to

the interplanetary plasma can be entirely removed [12]. We will refer to this configuration as MODE 1. If

only one frequency is adopted instead, which we will assume to be Ka-Ilancl (32 GHz),  wc will refer to this

configuration as MODE 11, Ka-Band  is planned to bc used on most of the forth  cc)rning NASA missions, and

will bc ilnplemcnted  on the ground antennas of the I)ecp Space Network (l MN) by the year 1999 for the
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Cassini  mission.

In Figure 3 we plot  the r.m.s.  cr(~~)  of the noise as a function of the frequencies fk (k = 1,2,3, ..,.),

assuming that an interplanetary spacecraft is out to a di..tance  L = 1 AU. For this configuration the

fundamental frequency of the xylophone is equal to 10-3 Hz.

The MODE I configuration is represented by two curves, depending on whether an atomic clock (circles)

or a USO (squares) is operated on board the spacecraft. Sensitivity curves for the MODE II configuration

are also provided, again with an atomic clock on board (up-triangles) or a USO (down-triangles). The best

sensitivity is achieved in the hlODE  I configuration and by using an atontic  clock on board. At the Fourier

frequency ~ = 10-3 Bz the corresponding r.m.s. noise level is equal to 1.3 x 10–18, and it increases to

a value of 5.6 x 10–]s  when ~ = 10-2 Hz. If we use a US(I instead, at j = 10-3 IIz the corresponding

r.m.s.  noise level is equal to 2.0 x 10-18, while at larger frequencies it bcccnnes  identical to the sensitivity

curve representing the configuration with an atomic clock on board. This is due to the fact that at higher

frequencies the thermal noise dominates over all the other noise sources [8]. As far as the two curves for

MODE II are concerned, they coincide almest  exactly, since if, this case the plamna  noise at Ka-Band is the

largest among all the remaining noise sources [8] entering in the combined Doppler response.

In Figure 4 we turn to the configuration of a spacecraft out to L = 5 AU, with a corresponding lowest

xylophone frequency equal to ‘2.0 x 1 0-4 Hz. At this frequency, with the plawlla  noise totally calibrated and

by operating an atomic clock on the spacecraft, we find a sensitivity equal to 5,7 x 10-19. At ~ = 2 x 1 0-3

IIz the sensitivity degrades to 2.0 x 10-18, and it gets to 1.0 x 10-17 at ~ ❑ . 2 x 10-2 H z .

‘1’he  serwitivity  figures, in the case of operating a USO on board and with plasma calibration (squares),

are significantly larger than those for the case in which an atomic clock is used (circles). As the distance

to the spacecraft increases, the noise of the clocks at the xylophone frequencies increases proportionally.

Consequently the noise of the USO begins to dominate over the noise of the atc)mic clock at those frequencies.

The minimum of the curve is equal to 4.5 x 10-18 and at ~ = 4.0 x 1 0-’ 3 llz, while at ~ = 2.0 x 10-4 H z

and j = 2.0 x 10-2 Hz we get an almost equal value of 1.0 x 10-17.

In the MODE 11 configuration t}le two sensitivity curves (up-triangles, down-triangles) are basically

identical, with an optimal sensitivity at $ = 1.0 x 10-2 Hz eclual to 1.0 x 10–]7.

Finally, in Figure 5 we analyze the configuration of a spacecraft out to L = 10 AU, with a corresponding

lowest xylophone frequency equal to 1.0 x 1 0-4 Bz. In this case an atomic reference frequency on board
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gives a significantly better sensitivity than the one achievable with a USO in the low frequency region of the

accessible bandwidth. We estimate a strain sensitivity of 4.7 x 10-19 at ~ =-: 1 x 1 0-4 Hz, and as we move

to the high frequency region the sensitivity decays to a value of 5.9 x 10-ls at 1,0 x 10-2 Hz (circles).

As a consequence of the intrinsic narrow-band nature of the xylophone detector, the most likely sources

of gravitational waves it will be able to detect will be broad-band bursts, and a stochastic background of

gravitational radiation. A complete and accurate review of these sources, and estimates of the corresponding

event rates of interest in the frequency band of the xylophone, are given in reference [2]. Here we will briefly

summarize some of the possible sources that a xylophone detector could observe. A complete analysis of

how to improve further the sensitivity by optimally filtering the data when searching for these signals will

be the subject of a forthcoming paper.

A collapse of a star cluster to form a supermassive black bole, in the awurnption  that the energy emitted

in t}le form of gravitational radiation is 10-4 times the rest mass of the systenl,  at 10-4 Hz and out to 3

Gpc, would emit a signal of characteristic wave amplitude equal to 3.3 x 10-17. Such a signal would be

about 77 times larger than the r.rn.s. level we expect to achieve with the xylophone at the same frequency,

More optimistic assumptions on the e~ciency of the energy radiated [2], in which this could be as much as

1 0-2 times the rest mass of the system, would imply a signal- t~noise ratio c,f 770 at ~ = 10-4 IIz. Out to 3

Gpc it is conceivable that the event rate could be sufIlciently  IIigh for having a successful observation during

the forty days of tracking, although to our knowledge there are no published estimates on this issue.

The fall of small black boles into superrnassive  black holes, like what, might happen at the end of the

merger of two galaxies hosting at their centers a black hole, would give origin to a potentially detectable

gravitational radiation. in the scenario in which the larger hole has a mass of 108 solar masses, and the mass

of the other hole is only 103 solar masses, at 10-4 Hz and c,ut to the Virgo cluster of galaxies, the burst

emitted during the merger would bc observable by the xyloJ~hone  with a signal-t~noise ratio of about 5.

The Virgo cluster, with its 1000 galaxies could provide a high event rate of such signals, taken into account

t}lc indirect evidence of the existence of a supcrmassive  black hole at the center  of the galaxy M87 [2].

When searching for a stochastic background of gravitational radiation, the xylophone sensitivity at 10 -4

}Iz would imply an energy density per unit logarithmic frequency and per unit critical energy density [2],

Q, equal to 1.3 x 1 0-9. Several astrophysical sources of a gravitational wave background, like first-order

cosmological phase transitions or cosmic strings, are expected to give an Q of about 10-6,  10-7. Since the
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spectral density of any background will be modulated in the xylophone data by the two averaged antenna

patterns given in Eqs. (13), (14), we conclude that the xylol)hone will be able to validate or disprove in a

unique way the existence of such sources of background radiation.

‘1’hc  six known white-dwarf binary systems in our galaxy are expected tc, emit an almost monochromatic

radiation of amplitude comparable to or smaller than the best r.m.s.  noise level the xylophone can achieve

[2]. By performing a fine-tuned search for the continuous radiation from such systems during spacecraft
<, cruise, when the inverse of the round trip light time (or its harmonics) coincid~, with the estimated wave’s

~,,s$”%..,, ‘ frequency, would allow an important test of the predictions of general relativity and establish a significant
/“

#~:;/; benchmark sensitivity level for future planned space-based interferometers [5].

;<,IL”,< )J) Besides known galactic binary systems, we could nmke an all-sky search at the xylophone frequencies for

sinusoidal gravitational waves from binary systems containi~lg black holes.. A binary system in the Virgo

cluster, with two black holes of masses  equal to 103 solar lnasscs, would radiate a continuous signal of

characteristic amplitude equal to 3.2 x 10-18 at 10–4 H z . ‘J’his  amplitude would be about 8 times larger

than the r.m.s. noise of the xylophone at that frequency.

IV Conclusions

Wc have discussed a method for significantly increasing the sensitivity of Doppler tracking experiments aimed

at t}le detection of gravitational waves. The main result of our analysis, deduced in Eq. (9), shows that by

flying an atomic standard and by adding a Doppler extractor on board the spacecraft and a transponder at

the DSN antenna, we can achieve, at selected Fourier components, a strailI  sensitivity of 4.7 x 10-19. This

sensitivity figure is obtained by completely removing the frequency fluctuations due to the interplanetary

plasma, at a Fourier frequency equal to 10-4 Hz. Our method relies on a properly chosen linear combination

of the two-way co}lerent Doppler data recorded on board with those mcssured  on the ground. It allows us

to remove entirely the frequency fluctuations due to the troposphere, ionosphere, and antenna mechanical,

and for a spacecraft that is tracked for forty days out to 1 AIJ it reduces by seven orders of magnitude the

frequency fluctuations due to the spacecraft antenna and the buffeting of the probe by non gravitational

forces, by almost four orders of magnitude the noise due to the radio transrnittcrs, and most importantly it

reduces by three orders of rnagnitudc the noise due to the ground and the oIt board clocks.

The experimental technique presented in this paper can be extended to a co]lfiguration  with two spacecraft

)
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tracking each other throug}l a microwave or a laser link. Future spac~based laser interferometric  detectors

of gravitational waves [5], for instance, could implement this technique as a backup option, if failure of some

of their components would make the normal interferometric operation impcmible.

As a final note, a method similar to the one presented in this paper can be used in all the classic tests of

the relativistic theory of gravity in which one-way and two-way spacecraft Doppler measurements are used as

‘ primary data se ~~ We will analyze the implications of the sensitivity improvements that this technique will

provide for direct measurements of the following quantities such as the gravitational red shift, the second-

order relativistic Doppler effect predicted by the theory of special relativity, searches for possible anisotropy

in the velocity of light, measurements of the Parametrized l’ost-Newtorlian  parameters, and measurements

of the deflection and time delay by the sun in radio signals. This research is in phase of development, and

will be the subject of a forthcoming paper.
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Appendix

In this Appendix wc provide a general description of the radio hardware shown in the block diagram of

Figure 2. For a more comprehensive analysis the reader is referred to [7], and references therein.

The 11-Maser & Frvquency  Distribution represents the overall contribution of the reference clock itself

and the cabling system that takes the signal generated by the H-Maser to the antenna. This can be located

several kilometers away from the site of the maser, irnp]ying that the need of a highly-stable cabling system

is required. It has been shown at JPL that optical-fiber cables would not degrade significantly the frequency

stability of the signal generated by the maser [7].

‘1’he Tknnsvlitter  Chain includes all the frequency multipliers that are needed to generate the desired

frequency of the transmitted radio signal, starting from the frequency provided by the maser, It also takes

into account the radio a~nplifier, and the extra phase delay

feed cone of the antenna. The noise due to the amplifier is

14

changes occurring between the amplifier and the
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in references [16], [17].

The ‘hnsponders  are responsible for keeping the phase coherence between the incoming and outgoing

radio signals on the spacecraft and the Earth. Their performance depends on the accuracy of tracking of the

uplink  signal by the phase locked loop, and the noi$e floor and non-linearities  of its electronic components

[7], [19].

The Receiver Chains at the ground and on board tbe spacecraft can be modeled as having white phase

fluctuations. The contribution to the overall noise budget from the receiver chain on the ground was due

until now to the cabling running from the feed of the antenna to the actual receiver. For the ground antenna

this long network of cables will be removed with the use of future beam wave guided antennas. These new

antennas will be implemented by the year 2000 by the NASA Ileep  Space Network [20]. The noise figure given ?

for the receiver chain in ‘I’able I assumes that a beam wave guide$kvill  be used. The frequency fluctuations
‘;2 “

of the receiver chain on board the spacecraft is estinlated to I}e smaller because of a simple cabling system.

We have assumed, however, that the level of noise of the receiver chain on board is equal to the one on the

ground.

As the receiver chains, also the thermal  noise of the system has a white phase noise spectrum, and it

is due to the finiteness of the signal-to-noise ratio in the Dol]pler tracking link [8]. Since the frequency is

the derivative of the phase, we deduce that the one-sided pc,wer spectral density of the relative frequency

changes goes as f2.

A Doppler wad-out system on board the spacecraft (denoted  with the symbol @ in Figure 2) has al-

ready been built for the Galileo orbiter, which extract Doppler data fronl a radio signal transmitted from

the atmospheric probe in order to measure wind velocities on descent to Jupiter. The space-based radio

technology therefore does not need to be developed [21].
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Figure Captions

Figure  1,

A radio signal of nominal frequency V. is transmitted to a spacecraft and coherently transponder back to

Narth.  The gravitational wave train propagates along the Z direction, and the cosine of the angle between

its direction of propagation and the radio beam is denoted by p. An equivalent link from the spacecraft
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to the Earth and back is established, and is symbcdically  represented with dashed arrows. See text for a

complete description.

Figure 2.

Block diagram of the radio hardware at the ground antenna of the NASA Deep Space Network (DSN) and

on board the spacecraft (S/C), that allows the acquisition and recording of the two Doppler data yE(t)  and

y,.(i).  A description of each individual’ block in this diagram is provided in

Table I

List of the noise sources entering into the combined Doppler response y(t).

the Appendix.

The AlIan deviation at a given

integration time 7 is a statistical parameter for describing frequency stability. It represents the root-mean-

squared expectation value of the random process asociated  with the fractio]lal  frequency changes, between

time-contiguous frequency measurements, each made over time intervals of duration r. The numbers provided

in this table are taken from the Riley et al. report [7].

Figure 3.

The r.m.s.  noise level as a function of the frequencies jk (k = 1,2, 3,,...), estimated for a spacecraft that

is out to a distance L = 1 AIJ. Sensitivity figures for the four distinct configurations are represented with

four different symbols. Circles represent r.m.s,  values as func{ions of the xylophone frequency when plasma

frequency fluctuations are totally removed and an atomic slandard is on board. Squares are sensitivity

values again with plasma calibration, but now with a 11S0 on the spacecraft. Up-triangles are used for

representing sensitivity figures affected by plassma ncjise at Ka-Band,  and an atomic clock is used on board.

Down-triangles assume a plasma noise at Ka-Band,  but now with a USO on board.

Figure 4.

As in Figure 3, but now with a distance to the spacecraft L = 5 AU. Sce text for a complete description of

the sensitivity curves.
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F i g u r e  5 .

Asin Figure 3, but with L= 10 AU. See text for a complete description of the sensitivity curves.
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Table I

Error Source Allan Deviation Fractional Frequency
@ 1,000 sec. One-Sided

Power Spectral
Density. . .

Plasma (@I IQ-Band) 7.0 x 10-16 5.4x lo-~ f - m

H-Maser 4.0 x 10-16 lo-26f + 10-31 f-l +
~()-,s

Frequency Distribution 1.OX 10-17 1.3 x 10-26 f 2

.-.
Receiver chain 3.1 x 10-’7 1.3x lo-xf2— .  —

mitter chain 3.4 x 10-16 2.3 X 10-28—-
rhermal Noise 3.8 X 1 0-’7 1.9x lo-”f2.-
I’ransponder 4.0 x 10-17 2 .6 X 1 0-27 f—  .-—
4mp1ifier 5.0 x 10-’7 4 .0 x 10-27 f, __ .——
Jso 9.5 x 10-14 6 .5 x 10-27 f -1— ——— —... —
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